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ABSTRACT. The aim of this note is to establish an interesting hypergeometric generating
relation contiguous to that of Exton by a short method.
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1. INTRODUCTION
The generalized hypergeometric functions with p numerator and q denominator parame-
ters is defined by [7]
pFq

α1, . . . , αp
; x
β1, . . . , βq
 = pFq
[
α1, . . . , αp; β1, . . . , βq; x
]
=
∞∑
n=0
(α1)n . . . (αp)n
(β1)n . . . (βq)n
xn
n!
(1)
where (α)n denotes the Pochhammer symbol (or the raised factorial or shifted factorial, since
(1)n = n!) defined for every α ∈ C by
(α)n =
{
α(α + 1) . . . (α + n − 1), n ∈N
1, n = 0
(2)
For a detailed exposition of this function, we refer the standard texts of Rainville [7], Slater
[8] and Exton [3].
With the help of known result [1, equ.(2)]; see also [2, p.101, equ.(5)]
2F1
a, a +
1
2
1
2
; x2
 = 12
[
(1 + x)−2a + (1 − x)−2a
]
(3)
∗ Corresponding Author.
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Exton [4] in 1999, obtained the following interesting result.
∞∑
n=0
(d)n
(
d + 1
2
)
n(
1
2
)
n
n!
x2n
n∑
m=0
Am
(−n)m
(
−n + 1
2
)
m
m!
ym
=
1
2
(1 + x)−2d
∞∑
n=0
An
(d)n
(
d + 1
2
)
n
n!
[
x2y
(1 + x)2
]n
+
1
2
(1 − x)−2d
∞∑
n=0
An
(d)n
(
d + 1
2
)
n
n!
[
x2y
(1 − x)2
]n
(4)
where Am is the generalized coefficient. Also, as special case, by letting
An =
(a1)n . . . (aA)n
(h1)n . . . (hH)n
=
((a))n
((h))n
he deduced the following result:
∞∑
0
(d)n
(
d + 1
2
)
n(
1
2
)
n
n!
x2n A+2FH
[
(a), −n, −n + 1
2
(h)
; y
]
=
1
2
(1 + x)−2d A+2FH
[
(a), d, d + 1
2
(h)
;
x2y
(1 + x)2
]
+
1
2
(1 − x)−2d A+2FH
[
(a), d, d + 1
2
(h)
;
x2y
(1 − x)2
]
(5)
In 2000, with the aid of Baileys identity [1, Equ (3)]
2F1
a, a +
1
2
3
2
; x2
 = 12x(1 − 2a)
[
(1 + x)1−2a − (1 − x)1−2a
]
(6)
Malani et al. [5] established the following interesting hypergeometric generating relation by
employing the same technique used by Exton.
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2
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3
2
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n!
x2n
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(−n)m
(
−n − 1
2
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m
m!
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=
1
2x(1 − 2d)
(1 + x)1−2d
∞∑
n=0
An
(d)n
(
d − 1
2
)
n
n!
[
x2y
(1 + x)2
]n
−
1
2x(1 − 2d)
(1 − x)1−2d
∞∑
n=0
An
(d)n
(
d − 1
2
)
n
n!
[
x2y
(1 − x)2
]n
(7)
Also, as special case, by letting
An =
(a1)n . . . (aA)n
(h1)n . . . (hH)n
=
((a))n
((h))n
they deduced the following result :
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∞∑
n=0
(d)n
(
d + 1
2
)
n(
3
2
)
n
n!
x2n A+2FH
[
(a), −n, −n − 1
2
(h)
; y
]
=
1
2x(1 − 2d)
{
(1 + x)1−2d A+2FH
[
(a), d, d − 1
2
(h)
;
x2y
(1 + x)2
]
− (1 − x)1−2d A+2FH
[
(a), d, d − 1
2
(h)
;
x2y
(1 − x)2
]}
(8)
The aim of this short note is to provide another method for proving the result (7) due to
Malani, without using the result (6)
2. DERIVATION OF THE RESULT (7)
Inorder to prove the result (7), we proceed as follows:
Without loss of generality we can assume that
1
2x
(1 + x)1−2d
∞∑
n=0
An
(d)n
(
d − 1
2
)
n
n!
[
x2y
(1 + x)2
]n
−
1
2x
(1 − x)1−2d
∞∑
n=0
An
(d)n
(
d − 1
2
)
n
n!
[
x2y
(1 − x)2
]n
=
∞∑
n=0
a2n+1 x
2n (9)
Then, it is not much difficult to see that the coefficient a2n+1 of x2n in the expansion, after
some simplification is obtained as
a2n+1 = −
n∑
m=0
Am
(d)m
(
d − 1
2
)
m
m!
(2d + 2m − 1)2n−2m+1
(2n − 2m + 1)!
ym (10)
A simple calculation shows that
(2d + 2m − 1)2n−2m+1 =
Γ(2d) 22n (d)n
(
d + 1
2
)
n
Γ(2d − 1) 22m (d)m
(
d − 1
2
)
m
(11)
and
(2n − 2m + 1)! =
22n
(
3
2
)
n
n!
22m (−n)m
(
−n − 1
2
)
m
(12)
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Substituting these values in (10), we get
a2n+1 = (1 − 2d)
(d)n
(
d + 1
2
)
n(
3
2
)
n
n!
n∑
m=0
Am
(−n)m
(
−n − 1
2
)
m
m!
ym (13)
Finally substituting this value in (9) and dividing both sides of the resulting expression by
(1 − 2d), we get the result (7). This completes the proof of (7).
Remark : The result (7) due to Malani et al. was re-derived by Qureshi et al. [6, Equ. (2.3)],
in 2002.
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